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SUMMARY

A generalized analysis to predict the two-dimensional aerodynamic losses of full-
film-cooled vanes by using integral boundary-layer parameters is presented herein.
Heat-transfer and trailing-edge injection effects are included in the method. An approx-
imate solution of the generalized equations, for constant-static-pressure mixing, is also
presented. This solution allows the effect of the different boundary-layer and cooling
parameters on the losses to be seen more clearly. The analytical predictions are com-
pared with experimental results obtained for full-film-cooled vanes at primary- to
coolant-total-temperature ratios of 1 and 2.7.

The calculated loss for a full-film-cooled vane tested at the design total-tempera-
ture ratio of 2.7 aéreed well with the experimental results. The variation in losses
when different cooled regions of a full-film-cooled vane were tested at a total-tempera-
ture ratio of 1 was also well predicted. The boundary-layer parameters obtained from
a finite-difference analysis incorporating an injection model appear well suited for use
in determining the aerodynamic losses of cooled vanes, The boundary-layer analysis
might be further improved by determining the effect of the free-stream pressure gra-
dient on the injection model constants, For constant-static-pressure mixing, the cal-
culated aerodynamic losses were approximately proportional to twice the momentum
thickness minus the total enthalpy thickness at the trailing edge (for a coolant- to
primary-total-pressure ratio of 1),

INTRODUCTION

Larger use of cooling air in advanced aircraft engines is necessitated by a continu-
ing trend to higher turbine-inlet temperatures. Ongoing studies at the NASA Lewis Re-
search Center are determining the effect of this cooling air on the turbine aerodynamic
and heat-transfer characteristics. Under this program, the major effects have been
identified and are summarized in reference 1. In addition, this program has provided
a large experimental data base for use in developing analytical prediction techniques.
Several prediction methods are presently available and have been summarized in refer-
ence 2,

Jet mixing theories (such as refs. 3 and 4) and boundary-layer injection concepts
(such as refs. 5 and 6) are the types of methods most often used to predict the effect of
cooling air on aerodynamic performance, Other investigators (refs. 7 and 8) have em~
ployed both mixing and boundary-layer concepts to predict the heat-transfer character-



istics of film-cooled blading. No single, unified theory that predicts both the aerody-
namic losses and the heat-transfer characteristics is presently available. A method of
estimating two-dimensional aerodynamic profile losses by using integral boundary-
layer parameters (ref. 9) has long been in use and holds the potential of providing this
unified approach, However, this method was developed for solid (uncooled) vanes and
cannot in its ’present form be used for cooled vanes, where heat transfer occurs,
Generalization of the prediction method of reference 9 to include heat-transfer and
coolant injection effects is one of the primary objectives of this report. Of equal im-
portance, however, is the need to determine if the boundary-layer parameters obtained
from a finite-difference technique (ref. 7) can be used to predict the experimental aero-
dynamic losses with this generalized theory, Lastly, a better understanding of the ef-
fect of heat transfer and coolant injection on the aerodynamic losses is desired.
Derivation of the generalized equations needed to predict the two~dimensional aero-
dynamic characteristics of film-cooled vanes by using integral boundary-layer param-
eters is presented herein, Modeling of trailing-edge coolant injection and heat-transfer
effects is incorporated in these generalized equations. An approximate solution, as-
suming constant-static-pressure mixing, is also provided so that the effect of the dif-
ferent boundary-layer and coolant parameters on the losses can be seen more readily.
Nondimensional boundary-layer characteristics for typical full-film-cooled vanes are
presented, and the calculated losses for the vanes are compared with the experimental

results reported in references 10 and 11,

ANALYSIS

For solid (uncooled) vanes the two-dimensional aerodynamic loss characteristics
can be estimated from the vane boundary-layer parameters at the trailing edge by the
method described in reference 9. In this procedure the profile losses at the vane trail-
ing edge and the losses after the flow has mixed to uniform conditions are obtained from
the displacement, momentum, kinetic energy, and trailing-edge thicknesses. For
cooled vanes, where heat transfer occurs, this method (ref. 9) is not applicable since
it assumes that the total temperature at the trailing edge is constant., The analysis
presented herein uses the energy equation to account for heat-transfer effects and can
therefore be considered a generalization of the method of reference 9, The basic flow
model and assumptions used in the theory are described in the next section,



Flow Model and Assumptions

A schematic sketch of a cooled vane is shown in figure 1, together with the nomen-
clature used in the analysis., The flow is considered to be two dimensional, At the
vane inlet, station 0, the entering flow is assumed to be uniform and at constant total
pressure pb and total temperature T!. (All symbols are defined in appendix A.) The
injected coolant flow is assumed to remain within the boundary layers formed on the
vanes. Just downstream of the vane trailing edge, station 1, profiles of total pressure
p'1 and total temperature T'1 occur due to the vane friction and the injection of coolant
at a total pressure and temperature different from those of the free stream. At sta-

tion 1, the static pressure Py and flow angle «. are assumed to be constant, as

in reference 9. As shown in figure 1, trailing—e(]ige coolant injection at station 1 is
also allowed for. The aerodynamic loss based on kinetic energy 61 contains the vane
profile losses and the losses due to coolant injection. Uniform conditions exist at sta-
tion 2, where complete mixing is assumed to have taken place. The conservation of
mass, momentum, and energy is applied between stations 1 and 2 to obtain the after-
mixed state. This procedure is presented in appendix B. The aftermixed loss 52
contains not only the vane profile losses and the losses due to coolant injection but also
the mixing losses. The aerodynamic loss coefficients 51 and 62 are calculated from
the boundary-layer parameters in appendix B and summarized in the next subsection.

Loss Characteristics

Generalized analysis. - The aerodynamic performance of vanes is commonly de-

fined as a loss coefficient based on kinetic energy (ref. 12). In equation form,

(1)

where the ideal kinetic energy for cooled vanes is usually based on the sum of the cool-
ant and primary (or main stream) kinetic energies. The loss coefficients 61 and 52
defined in terms of boundary-layer parameters at the trailing edge are presented in ap-
pendix B and are summarized here, For station 1,
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where the ideal velocity ratios (Vpr, id/Vcr> and (Vc, id/Vcr> are calculated from

2 2

the static pressure py as determined in appendix B, The loss coefficients 61 and 62
are complicated functions of the boundary-layer parameters g*, g, gH’ and ?/)‘, the
trailing-edge coolant injection parameters B o’ Jte’ Ete’ and Kte; and the trailing-

edge geometry 6 te and 6 . They are also functions of the critical velocity ratio

v/V .
( Clts, 1 1

profile at the trailing edge) is contained in the parameter (SH, which is defined as the

and the flow angle o The effect of heat transfer (total-temperature

total enthalpy thickness. The above relationships for the loss coefficient simplify con-
siderably if certain approximations are made. These approximations are discussed in
the next subsection since they allow the effects of the boundary-layer and cooling param-
eters on the losses to be seen more readily.

Constant-static-pressure mixing approximation. - The assumption that the static
pressures at stations 1 and 2 (fig. 1) are the same has been used by other investigators
(refs, 13 and 14) to simplify the solution of the mixing equations. Further approx1ma—
tions are also pOSSlble once it is realized that the boundary-layer parameters 5%,

H’ zp, te’ and ésl are often much less than 1. With these approximations, it is

shown in appendix C that for typical first-stage operating conditions @i.e., equal vane-
coolant and primary-flow total pressures) the loss coefficients are
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These particularly simple expressions indicate that the losses El and '62 depend di-
rectly on the kinetic energy thicknesses 'z'/;_ and ;p_te’ the momentum thicknesses 6 and

gte’ and the total enthalpy thicknesses EH and EH te? but not on the displacement

thickness 6* or the trailing-edge thickness Ete’ There are two terms for each thick-
ness because there is a loss due to the boundary layer formed along the vane surface
and an additional loss due to coolant injected at the trailing edge.

The total enthalpy thicknesses SH and EH, te 2re defined so that they are positive
if the coolant total temperature is less than the main-stream total temperature. It
would appear from equations (C17) and (C13) that coolant injection tends to decrease the
losses through the total enthalpy thicknesses. However, the total-temperature profile
caused by the coolant injection also tends to increase the kinetic energy and momentum
thicknesses., Therefore, itis not possible to determine from equations (C17) and (C13)
how the losses change with coolant addition., This must be done by the boundary-layer

calculation,
The change in the losses Ae (between stations 1 and 2) defined as

Ae=7¢, -6 ~ 2('9' + 5te> - ('zp"+ Ete> (C18)
can be shown (appendix C) to be always greater than zero., That is, there is always a
mixing loss in going from station 1 to station 2.

The approximate relations presented in this section are intended to show the effect
of the different boundary-layer parameters on the losses in a simple manner and are
not recommended for calculation of the loss coefficients. The general expressions
summarized previously and given in detail in appendix B should be used.

Boundary-Layer Parameters

An analysis that accurately predicts the boundary-layer parameters is obviously
required to use the method presented in appendix B for predicting the aerodynamic
losses of cooled vanes, One boundary-layer method that allows for discrete-hole cool-
ant injection is described in reference 7. As this method is used in the next section to
calculate the aerodynamic performance of a typical full-film-cooled vane, it is briefly
described here. The method of reference 7 uses a two-dimensional, finite-difference,
boundary-layer calculation for the solid surface combined with a model of the injection
process. The calculations proceed in the streamwise direction until a row of holes is
encountered. At this point the finite-difference calculations stop and fluid is injected

into the boundary layer.



In the injection model, a fraction of the coolant is assumed to remain in each
stream tube as the coolant passes through the stream tubes comprising the boundary
layer. This fraction of coolant is then mixed at constant static pressure with the
boundary-layer mass in the stream tube. This process continues in successive stream
tubes until all the coolant is added to the boundary layer. The distance at which this
occurs is called the penetration distance. In addition, the injectant and the boundary
layer interact and thus increase the turbulence level in the boundary layer. This pro-
cess is modeled by increasing the value of Prandtl's mixing length over that which
would occur without injection. The maximum mixing length is assumed to occur at the
injectant penetration distance.

The two constants in this injection model (one constant determines the penetration
distance and the other the maximum mixing length) were determined experimentally in
reference 7 as a function of the mass-flux ratio (pV)c/(pV)fS for 30° slant-hole injec-
tion on a flat plate. After the injection process is completed, the finite-difference cal-
culations resume with the new boundary-layer profile and continue until another row of
holes is encountered.

The boundary conditions must be known or estimated to calculate the boundary-
layer parameters by the method of reference 7. For cooled vanes the boundary condi-
tions needed are the streamwise variation in free-stream conditions st, the stream-
wise variation in wall temperature TW, and the flow conditions of the coolant pch
and Té at the exit of the injection holes. The first of these boundary conditions could
be estimated from a two-dimensional, potential flow solution (e.g., ref. 15); the latter
boundary conditions could be obtained from a heat-transfer analysis (e.g., ref. 16).

In general, these types of analyses would be a part of the design procedure for a
cooled vane and would therefore not require additional effort. They do, however, in-
troduce some uncertainty into the determination of the boundary-layer parameters. To
circumvent this difficulty in this report, experimental results were selected (refs. 10
and 11) in which most of the boundary conditions were measured. That is, not only was
the aerodynamic performance measured, but so were the vane static-pressure distribu-
tion, the coolant flow rates, and the wall temperature distribution. These boundary
conditions were used in the boundary-layer analysis (ref. 7) to determine the boundary-
layer parameters. The boundary-layer parameters were then used in the prediction
method (appendix B) to determine the aerodynamic performance. The results of these
calculations for a typical full-film-cooled vane are presented in the next section.



RESULTS AND DISCUSSION
Description of Film-Cooled Vane

The experimental aerodynamic performance of a typical full-film-cooled core vane
has been presented in references 10 and 11 for tests conducted at primary- to coolant-
total-temperature ratios T(') /T'c of 1 and 2.7, respectively. The vane profile and the
cooling-hole pattern (fig. 2) were the same for both tests, For the measurements of
reference 10, however, the vane insert was not used and the hole diameters were dif-
ferent, Also shown in figure 2(b) is the nomenclature of the film-cooled regions tested
individually or in combination in reference 10. That is, experimental performance was
obtained when the following regions (fig. 2 ®)) of the vane were film cooled: (1) pres-
sure surface, region P; (2) diffusing part of suction surface, region D; (3) full suction
surface, region AD; (4) trailing edge, region T; (5) pressure surface and accelerating
part of suction surface and trailing edge, region PAT, and (6) full vane, region PADT.
The solid (uncooled) vane is designated S,

The free-stream critical velocity ratio distribution for the vane (calculated from
measured static pressures) is shown in figure 3, together with the interpolated values
used in the boundary-layer program. This velocity distribution, particularly on the
suction surface, has a large influence on the development of the boundary-layer param-
eters along the vane. Before the performance of the vanes is discussed, the calculated
boundary-layer characteristics for the different film-cooled regions are presented.

Boundary-Layer Characteristics

Primary- to coolant-total-temperature ratio of 1. - The streamwise variation in

momentum-~thickness Reynolds number (Re)e for the different film-cooled regions
(tested in ref. 10) is shown in figures 4 and 5 for the pressure and suction surfaces,
respectively. The term (Re)6 is used herein because it is the criterion set in the
boundary-layer program for the start of transition from laminar to turbulent flow.

For the solid (uncooled) vane S, a conservative value of 200 for (Re)e (ref. 12) was
assumed for the start of transition. According to this criterion, the boundary layer
(fig. 4(2)) remains laminar over most of the pressure surface (fig. 4(a)) but is turbulent
over most of the suction surface (fig. 5(a)). Comparing the pressure and suction sur-
faces at the trailing edge indicates that the (Re) 0 (or momentum thickness 0) for the
suction surface is almost seven times larger than that for the pressure surface. Since
the losses 52 were shown tg be Eg)proximately proportional to the momentum thickness
(for y, =0 or T(')/Té =1, 6
losses.

H= GH, te = 0), the suction surface contributes most of the




For the film-cooled regions shown in figures 4(), 5(b), 5(), and 5(d), transition
was assumed to be triggered by the coolant injection at the first row of holes, provided
that (Re), was less than 200. The discontinuities in the figures occur at each row of
cooling holes and are the result of the constant-static-pressure mixing of the coolant
with the boundary layer. Injection on the pressure surface P (fig. 4 (b)) more than trip-
les the momentum thickness at the trailing edge over that at the solid pressure surface.
This is due, in part, to the assumed triggering of turbulent flow by the coolant injection.
The momentum thickness, however, is still much less than the value for the solid suc-
tion surface (fig. 5(2)). Injection on the accelerating part of the suction surface A
(fig. 5(®)) increases the trailing-edge momentum thickness by only about 20 percent. On
the other hand, injection on the diffusion region D (fig. 5(c)) or on the full suction sur-
face AD (fig. 5(d)) more than doubles the momentum thickness over that of the solid
surface (fig. 5(a)). They are also over six to seven times larger than for the cooled
pressure surface P. Therefore, as for the solid vane, the losses for the full-film-
cooled vane PAD are largely controlled by the suction-surface momentum thickness.

Primary- to coolant-total-temperature ratio of 2.7. - The momentum~-thickness
Reynolds number (Re)e and total-enthalpy-thickness Reynolds number (Re)(SH are shown

in figures 6 and 7 for the full-film-cooled pressure and suction surfaces, resnectively.
Only the full-film~cooled vane PADT was tested at the higher total-temperature ratio.
For injection on the pressure surface P (fig. 6), the total enthalpy thickness (at the
trailing edge) is slightly less than twice the momentum thickness. Since the losses are
approximately equal to twice the momentum thickness minus the total enthalpy thick-
ness, the pressure surface again contributes little to the total losses. For the cooled
suction surface AD (fig. 7), however, the total enthalpy and momentum thicknesses are
about equal. Therefore, the losses for the full-film-cooled vane PADT are again con-
trolled mainly by the losses on the suction surface. The calculated and measured
losses are compared in the next section.

Comparison of Calculated and Measured Losses

The calculated aftermixed loss coefficients '62 are compared with the experimental
results in figure 8 for tests conducted at primary- to coolant-total-temperature ratios
TE)/T'C of 1 (ref. 10) and 2.7 (ref. 11), respectively. The single experimental value
shown in figure 8 (b) was determined from the mean-radius survey data presented in
reference 11, In figure 8, the difference in the bar graphs or in the experimental
points, between the film-cooled and solid vane, represents the losses incurred in cool-
ing that region of the vane surface. Since the calculated and experimental losses for
the solid (uncooled) vane agree so well, a direct comparison of the experimental point



and bar graph for any cooled region shows how well the effect of the cooling on the

losses is predicted. For all the film-cooled regions tested, the calculated and experi-
mental losses agree quite well, with an average deviation of +0,003. This value com-
pares well with the generally quoted experimental accuracy in '62 of +0.0025 for solid
(uncooled) vanes; this value would be expected to be somewhat higher for cooled vanes,

It is, therefore, concluded that the effect of film cooling on the aerodynamic losses
can be predicted to an accuracy comparable to that with which it can be measured.
However, if the cooled region contains the diffusing part of the suction surface (i.e.,

D, AD, and PADT), the calculated losses are slightly higher than measured. Similarly,
for the accelerating regions (i.e., P and PAT) the calculated losses are slightly lower
than measured. The reason for this is not known, but it may be due to the effect of
pressure gradient on the constants in the boundary-layer coolant injection model., As
discussed in the section ANALYSIS, these constants were determined from flat-plate
(zero pressure gradient) coolant injection tests. It is, therefore, felt that the boundary-
layer analysis may be further improved by determining the effect of free-stream pres-
sure gradient on the injection model constants.

As noted previously, the effect of cooling the different regions of the vane can be
inferred from figure 8 by comparing the cooled-region losses with each other and with
the solid (uncooled) vane losses. For example, the loss due to cooling the accelerating
part of the suction surface, region A, is smaller than the loss due to cooling the diffu-
sion part of the suction surface, region D, This is, of course, the same result arrived
at previously by comparing the boundary-layer characteristics. Because region A was
not tested individually, there is no data point shown in-figure 8 (a) for this region. The
calculated losses are shown in figure 8(a) since the boundary-layer parameters were
needed to calculate the losses for region PAT. Other regions not tested (i.e., region
PDT) could have just as easily been shown in figure 8(a). The point is that calculating
the losses is relatively simple once the boundary-layer parameters for the different
cooled regions have been determined. In fact, the boundary-layer parameters are
easily obtained for different cooled regions and could be used to optimize the design of

cooled vanes.

SUMMARY OF RESULTS

A generalized analysis to predict the two-dimensional aerodynamic losses of full-
film-cooled vanes by using integral boundary-layer parameters has been presented
herein, Heat-transfer and trailing-edge injection effects are included in the method.
An approximate solution of the generalized equations, for constant-static-pressure mix-
ing, has also been presented. This solution allows the effect of the different boundary-
layer and cooling parameters on the losses to be seen more readily. The analytical

10



predictions are compared with the experimental results obtained for full-film-cooled
vanes tested at primary- to coolant-total-temperature ratios of 1 and 2.7. The follow-
ing results were obtained:

1. The calculated loss for a full-film-cooled vane tested at the design total-temper-
ature ratio of 2.7 agreed well with experimental results. The variation in losses when
different cooled regions of a full-film-cooled vane were tested at a total-temperature
ratio of 1 was also well predicted.

2. The boundary-layer parameters obtained from a finite-difference analysis incor-
porating an injection model appear well suited for use in determining the aerodynamic
losses of cooled vanes. The boundary-layer analysis might be further improved by de-
termining the effect of free-stream pressure gradient on the injection model constants.

3. For constant-static-pressure mixing, the calculated aerodynamic losses were
approximately proportional to twice the momentum thickness minus the total enthalpy
thickness at the trailing edge (for a coolant- to primary-total-pressure ratio of 1).

Lewis Research Center,
National Aeronautics and Space Administration,
Cleveland, Ohio, October 5, 1979,
505-04.

11



)

te

a Q
U’U

&=

te

& om ol

te

KE

te

m

o)
(Re)g

sl

12

APPENDIX A
SYMBOLS

ratio of trailing-edge-coolant to free-stream mass flux, (pv)c,te/(pv)fs, 1

parameter defined in eq. (B28)

specific heat at constant pressure, J/kg K

parameter defined in eq. (B31)

ratio of trailing-edge-coolant to free-stream energy flux,
(pVT')c, te/(pVT')fs, 1

loss coefficient based on kinetic energy, 1 - (KE/KEid)

total enthalpy, J/kg

ratio of trailing-edge-coolant to free-stream momentum flux,
(pv2>c,te/<pvg>fs, 1

kinetic energy, —%—sz, J/sec

ratio of trailing-edge-coolant to free-stream kinetic energy flux,
(pv3>c,te/(pv3)fs, 1

mass flow rate, kg/sec

pressure, N/m2

gas constant, J/kg K

total-enthalpy-thickness Reynolds number, pV; S(SH//.L

momentum-thickness Reynolds number, prSG//.L
vane spacing, m

trailing-edge slot width (fig. 1), m
temperature, K

trailing-edge thickness (fig. 1), m

tangential direction of cascade, m

velocity, m/sec

axial direction of cascade, m

coolant mass-flow fraction, mc/mT

flow angle measured from axial direction, deg



6%

|

]

te

=

=

<]
&
(0]

ratio of specific heats

boundary-layer thickness, m

o)
P1V1
displacement thickness, 1- dn, m
(Pv)f
0 5,1

0 pr1 T!

total enthalpy thickness, — 1 - dn, m
1
Vs, 1 Tts,1

7
(6H,s + ‘SH, p)/(S cos a,)

©f+ 6}";)/(s cos o

effective total-enthalpy thickness of trailing-edge coolant injection, eq

sl/(s cos o)

t/(s cos o)

dimensionless parameter whose value is much less than 1

coordinate normal to vane surface, m

10
. P1Vq v
momentum thickness,

(pv)fs,l st,l

(OS + 0p)/(s cos a;)

. (C11b)

elfective momentum thickness of trailing-edge coolant injection, eq. (Clla)

viscosity, kg/m sec
coordinate tangent to vane surface, m

density, kg/m3

)
2
R . P1Vy Vi
kinetic energy thickness, — 1 - dn, m
(pV) 2
0 fs, 1 st,

(z,bs + d»p)/(s cos ozl)

effective kinetic-energy thickness of trailing-edge coolant injection, eq. (C15)

13



Subscripts:

c coolant flow
cr flow conditions at Mach 1

fs free stream

id ideal or isentropic process

P pressure suriace

pr primary flow

S suction surface

T total flow (coolant plus primary)
te trailing edge

u tangential direction

X axial direction

0 station at vane inlet (fig. 1)

1 station at trailing edge (fig. 1)

2 station far downstream of vane trailing edge, where flow is completely mixed

to uniform (aftermixed) conditions (fig. 1)

Superscript:

() total-state conditions

14



APPENDIX B
AERODYNAMIC LOSS COEFFICIENTS OF COOLED VANES IN TERMS
OF BOUNDARY-LAYER PARAMETERS
Aftermixed Conditions

To obtain the aerodynamic loss coefficient at station 2 the aftermixed conditions
have to first be determined in terms of the boundary-layer parameters at station 1
(fig. 1). The conservation of mass, axial and tangential momentum, and energy be-
tween stations 1 and 2 results in the following equations:

S
/ plvl’x du = p2V2,XS = Mg
0
S
2 _ 2 -
f (plvl,x * p1>du = ("2V2,x + pz)"
0
s
/ plvl,xvl,u du = p2\72,)(Vz,u S
0

3
/ p1Vy, xtly du= ooV, (Hos
0
The fluid is assumed to be a perfect gas with constant specific heat, Therefore,

p -2
RT

2
H=C T =C_T+ Y
b p 2

(B1)

(B2)

(B3)

(B4)

(B5)

(B6)

To allow the use of the boundary-layer parameters at station 1, it is assumed that the
static pressure Py and the flow angle @, are constant, This allows equations (B1)

to (B4) to be expressed as

15



G +06) . 6S/cos oy
(oV)gg 1 COS QS - P _ + cos a, plvl du
’ Ccos ¢ cos o
1 1 0
6. /cos a,
+ (pv)c,teSI +cos o, / pr1 du = szl’Xs B7)
0
§_/cos
©6_.+956) S 1
( )fs 1 coszoz1 -8 o __t + cos‘?‘ozl p1V% du +<pV2>C te
cos « Ccos « ’
1 1 0
6 _/cos «
2 _ 2
X COS ozlsl + cos ozlf plvl du + p;s = (;)2V2’X + p2>S (B8)
0
(és * 5}£ _ t

)
pV“) sin @, cos @, |s =
< fs,1 1 1 cos ozl CcoSs ozl

5./cos a
. s L 24 2) .
+ sin a; cos oy . pqVy QU <pV c,te sin ozlsl

/‘5p/oos a,
2 4, =
+ sin o, cos oy ; 1V1 du = p2V2,xV2,uS (B9)
©g+6,)
(pVT)fslcosozls— SR ¢
cos @y  COS ay

6S/cos ay
1 1
+ cos a; / pyVy T} du+ (VTY) sl
O b

6_/cos ay
1 — 1
+ cos a; /0- PV, T} du = pyV,  Ths (B10)

Equations (B7) to (B10) assume that the flow conditions of the coolant injected at the
trailing edge are uniform and that the projection of the boundary-layer thickness ¢ in
the u~direction is equal to &/cos Q. To transform the remaining integrals in equa-
tions (B7) to (B10) to the boundary-layer coordinate system (£,7), it is also necessary to
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assume that Py> Vl’ and T'1 are independent of £. This is similar to the assumption
made in reference 13 that the axial gradients of the flow in the boundary-layer wake are
not large. With this assumption, the substitution

u=—7">— (B11)
COoS 0!1

in the integrals and the following boundary-layer-parameter definitions

L
6 6
s b
— 0F + 6% p,V p.V
o¥=—5 P 1 1-—211 Jan+ 1- —L1 L1 Jay (B12)
S cos ozl S cos ay (pv)fs,l (pV)fS,1
0 0
6 6p
- 6_+2¢6 A\ A\ A% v
g__s 'p___ 1 P11 [;__ "1 dn + Pil1 (.1 dn
S COS ay 8 COSay 0 (pv)fs, 1 st, 1. 0 (pv)fs, 1 st, 1
(B13)
Og
1
~ Ou,s*0H,p 1 P1Vq T
6H = = 1- dn
1
s. cos ay S cos o, (pv)fs, 1 Tfs, 1
0
)
P oYy T
+ 1-— dn (B14)
(pv)fs, 1 Tfs, 1
0
allow equations (B7) to (B10) to be expressed as
- —* - S < =
(1 0 Ope t Bteés,l)(pv)fs, 1 €os a4 pZVZ,x (B15)
(1—3*—5 —0+3,5.)(ov? cos®a, +p, =p. V2 _+ (B16)
te te®s1 )PV Jfs,1 17 P T PyVg x T Py
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— — — — 2 . _
(1 - §* -~ 6te -0+ Jteasl) (pV )fs, 1 Sin @, cos o) = pZVZ,xVZ,u

(1 LT Ete%l) (OVT')gg 1 COS @) = pyV,  Th

where

(B17)

(B18)

(B19a)

(B19b)

(B19c)

(B19d)

(B19e)

To put equations (B15) to (B17) into dimensionless form, similar to those in refer-

ence 9, the following relations are used:

with the result that
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(B20a)

(B20b)

(B20c)
1 1

PVx \ Pa4 /%0 (B21)
T 1 4
PVer) Py ¥ Ty



te sl 'V2 1
cr fs, 1
p pv2 \ p! p
+(ﬂl>_l= —x\ 2, (x+x1)_2 ©(B22)
2y / p 2 | P 2y / py
0 p'Vcr 0 0
2
- - — _ 2 V.V p!
1-3%-5, -0+3 5 )LV sin @, cos a, = [—2Y%) 22 (B23)
1
pvcrfsl pVCI,Z 0
Solving equations (B15) and (B18) gives
' _mk . x _= <
E&:l -,64. .(_S‘FG,,(SH+ Eteésl (B24)
Ty 1-0% =06+ Byedy)
Solving equation (B21) for p'z/p(') gives
= = - \
<1—6*—5te+ Bte sl)( - > cos a4
P T P Ver fs, 1
2 1YY= - - 2 (B25)
1 1
Pg To PVx
p'V
i cr/g

Substituting p'z/p(') from (B25) into equation (B22) and eliminating pl/pb with the re-
lation

P _ <p_> 1- (u) v (B26)

gives, after simplification,
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1

2
pV. pV. p
) _cf—%)~ <V+1>—2=o (B27)

\
p'v2cr PV g 2y /) Py
2
where the parameter C is defined as
o170 % " Prefs1
1=0% =08 =0+ Eigdg
g N
2 2
- — - = + -
<1—<‘5*—<3,C —0+-Jteés1> - 0082a1+v 1 1-X 1(_V
© Vcr 2y v+l Vcr
fs, 1 fs, 1
x < _ _ -
1-6%=6,_+B,_05 ~_ cos «
te te sl v 1
CTY Jts,1
\_ S
(B28)
By substituting for pz/p'2 from equation (B26), and since
2
\ Vx Vu ’
—\ = — ] +|— (B29)
v Vv Vv
cr/, cr/, cr/y
equation (B27) becomes
2 2 2
v A" v v
x\ _eofx )yl _y-if x| (W =0 (B30)
Vcr o Vcr 9 2y v+l Vcr 5 Vcr 9

Solving equations (B21) and (B23) for (Vu/vcr> gives
2
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A% ;1—5*f5te+Bte6

u _ o sl
Vcr2 1‘6*—6te_6H+Eteésl
1-0%=05, —0+dJ, 5[ sin @
te te”' sl v 1
Cr/ts,1
X - __'Is, =D (B31)

1_6*_61:e+Bte sl

L -

Substituting (Vu/Vcr> = D from (B31) into (B30) gives a quadratic equation for
2
(V/Ver)

Z

2

2
\
X ) . 2Y cf=X +<1—uD2>=O (B32)

v+ 1 Vcr2 v+ 1

CI‘2

Since the parameters C and D depend on conditions at station 1, the solution of equa-
tion (B32) is

2
V
x )\ - 2C | <_L_C> 1+ x=1p? (B33)

cr/, v+ 1 Y+ 1
The negative root has been used in equation (B33) to give the subsonic solution for the
axial critical velocity ratio.

Although the form of equation (B33) is the same as that given in reference 9, they
are not identical. The differences occur in the definitions of the parameters C and D,
For C and D given by equations (B28) and (B31), respectively, additional terms that ac-
count for the effect of trailing—edige coolant injection (i.e., Bte’
total-temperature profile (i.e., 6y occur. If these terms are all zero (as for a solid
vane), the definitions for C and D reduce to those given in reference 9.

Once the critical velocity ratios (V/V and (V_/V are determined from
cr), x’ “er),
equations (B29), (B31), and (B33), the pressure ratios pz/p’z and p'2/p(') can be calcu-

Jte’ and Ete) and

lated from equations (B26) and (B25), respectively, since (,o/p')2 is also a function of
<V/Vcr) . The aftermixed conditions have now been determined in terms of the bound-
2

ary~layer parameters at the trailing edge. The loss coefficients will be discussed next.
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Loss Coefficients

Aftermixed state. - The aftermixed loss coefficient Ez, based on kinetic energy,

is defined as
_ (KE),
Gy =1-—2_ (B34)
(KE)iq, 2

For the thermodynamic definition of loss coefficient the ideal kinetic energy can be
written as the sum of the coolant and primary kinetic energies. Since the flow condi-
tions are constant at station 2, equation (B34) becomes

2
A
mTVS Vcr 9
e, =1- —_=1- (B35a)
m V2 + m V2 A% 2 AY 2
pr pr,id, 2 c c,id, 2 pr,id c,id
a-y,) Y\
AV A
CcrY 9 cr 9
where
2 (v-1)/v
A\ . T! p
proid} _y*1 _ 01; _ <_2> (B35h)
- 1 1
Ver J, 771 T2 Py
2 (-1 /v
V.. T! p
c,id} _y+1 —? 1_<_2> (B35c)
Vcr 5 v- 1Ty pé
m m
y, == (B35d)
mpr * m, mmp

When the total temperatures of the coolant and primary flow are not equal, an overall

energy balance gives
t T — 1
m, Tc + mprTO = mTT:2 (B36)

which when solved for the coolant fraction y c gives
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y,=——2 if T, #T} (B37)

The loss coefficient 'é'z can be calculated by using the aftermixed conditions deter-

mined in the previous section.

Trailing-edge plane. - A loss coefficient at the trailing edge El can also be de-
fined. It is of interest because it does not contain the mixing losses due to flow equali-
zation. The loss coefficient El is defined as

_ (KE),
g, =1- — L (B38)

! KE)ig,1

The actual kinetic energy at station 1 is obtained by integration since the velocity V1

varies. Therefore,

G, +0) ¢

C
CcOoS Oll (0]3] Oll

s
_1 2 _ 3
(KE)1 —-2- j pIVLXV1 du = 5 - (pV >fs, 1 €08 a4

0

N =

5. /cos &
s 1 9 3
+ PV 5V du+ (pV )c’ 5]
0

6p/cos oy ,
+ plvl,xvl du (B39)

The terms J and K, are defined as follows:

te
P+ P s \' v2 p v V2
— + o o
SCOS @, S COS & (V) 2 (V) 2
1 1 0 fs, 1 st,l 0 fs, 1 st,l
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3
K = pv )Cs te

te
3
(p v ) fs, 1
Substituting into equation (B39) gives (by using eq. (Bl1))

(KE), —i(l - 5% -

(B41)

- P+

= 3
sl> (pV )fs, 1 s cos a;
mary kinetic energies

(B42)
The ideal kinetic energy at station 1 is again defined as the sum of the coolant and pri-
the ideal kinetic energy can be expressed as

KE)ig,1 = 1<m v;

2 pr pr,id,1

Since the static pressure p, has been assumed to be constant
+m V

c c,id,

_1 2
1> ~gl:(1 —yc)vpr,id 1Y Vc id, 1:' T (B3

Using equation (B1) for the total mass flow m, and equation (B15) results in
=1 PR
KE)i4 1——<1 -6* -6
? 2

The loss coefficient El therefore is

0 >[( Y Vpr,id, 1 vV Vc id, 1j| (PV)gg, 1 S €O oy

(B44)
1-6%-0,, -¥+K, eOs1
e, =1- —— (B452)
(1_3*_5 +B 5 1-v + lc_ﬂiz
te te sl Ye T ¥e
pr,id
where
b, (r-1)/v
v, .\ 2 o o
c,id \ _ ;:.1d :___'9_ c - B (B45b)
pr, id s/, Ty Dy (v-1) /vy
1 - {—
Py




APPENDIX C
CONSTANT-STATIC-PRESSURE MIXING APPROXIMATION

The assumption that the static pressures at stations 1 and 2 (fig. 1) are the same
has been used by other investigators (refs. 13 and 14) to simplify the solution of the
mixing equations. The mixing equations, of course, can be solved in general without
this assumption., The results are presented in appendix B. The constant-static-pres-
sure mixing approximation is used herein because it allows the effects of the boundary-

layer parameter on the loss coefficients to be seen more readily. We will therefore
let

p, ~ p, = Constant (€1)

Solving equations (B15) and (B16) for v, X gives

v N (1— 6% - 6'_5 )9 1: tef SI>VfS 1 C0S a4 €2
2,X -
1 - (S* 6 651

Solving equations (B15) and (B17) for v, u gives
b

b (T B TGV, s oy -
2,u - 5* 5 —+ B, 5
1-06% =064 te” sl
And the velocity V2 is, therefore,
o \% (1 5% -6, -6+Jd,5
2 f 1
Vo YVa.x* Vg,u ~ 1S 1N - te (C4)
1-¢ Ote * Bteésl
Since the ideal velocities are

Vpr, id, 2 ~ Vpr, id, 1 - st, 1 (C52)
Ve,ia, 2™ Ve,id, 1 (C5b)

the aftermixed loss coefficient 52 from equation (B35) becomes

25



= _z.1 % \2

1"S*"‘Ste'g+Jte‘5s1
1-6%-5, +B, 5
Ezzl te te sl C6)
v .\2
1-y +y c,id
c c
st
1

2
where (Vc, ; d/Vf S>1 is given by equation (B45b).

Further approximation of equation (C6) is possible once it is recognized that the

boundary-layer parameters (i.e., 6%, 6te’ 0, and 6 Sl) and the coolant fraction y, are
usually much smaller than 1. The following approximation can then be used:

1
1-¢

m1+eg £ <<1 (C7a)

This assumes that 52 is negligible. Using equation (C7a) in equation (C6) gives (as-
suming 52 terms are zero)

1
t6681

_5k .5 5
1-9 6te - Bteésl

(C7b)

~1+6*+5, -
te

te 6s1

1--2‘5_’*‘—;5_,E -0 +J
c

-85k _ 35§
1-6 6te+B

te sl

~ (1—5* —Gte—9+Jte6sl><1+6*+5te‘ Bte Sl)zl - 0- (Bte—Jte)(SSl

(C7c)
1-5% -5, -0+ 35\ - -
. -4 - ~1-20-2(B,_~-J, )0 (C74d)
1-3%-5. +B. 5 te ~ “te’ sl
te te sl
Therefore,
~ - =)
p -1) /vy
1-(-L
_ - — T! Pe
62 = 20 + Z(Bte - Jte)ésl - yc ﬁ 1- ;‘-'— (’)/—1)/')) > (C8)
0 <p1>
Shal ey
P
0
o
C - g
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Ifthe coolant and primary total temperatures are not equal, equations (B37) and (B24) canbe
used to findthe coolant fraction y c* Using the same approximation (i.e., eq. (C72)) gives

~5H * (B - E s

C9
Ve - (€9)
1--E
1
To
Substituting equation (C9) into equation (C8)_results in
e -
-1)/v
1 1
1--=2 Pe
T, p.\ -1 /Y
1
- -~ -~ — - Po 4
o~ _ _ 3 1] 1
g N 20+ 2(Bye - J i )og) - [5H + (Bte"Ete)ésle T } if Te 7 To
1%
1
To
~ ~ (C10)

From the definitions of the trailing-edge coolant injection constants given in equation
(B19), it can be seen that

(pv)c,te 1 - Vc,te

sl
= OV 4 Vis, 1 —~
B, -J )6 ,=— 2 2 =0 (Cl1a)
te te/" sl s cos te
and
(V) T!
c,te 1- c,te sl
— (pV)f 1 T% 1 —
(B, - E )b = S5 S =5 (C11b)
te’” sl H, te
s cos a4

where 91; e and gH te Tepresent the effective momentum and total-enthalpy thick-
b
nesses, respectively, of the trailing-edge coolant injection. Equation (C10) can there-

fore be written as
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Th p.y O-D/Y
1- =
o &)
e, ~ 20 + 20, - (5H + 5H’te>< = - = > if TL# T} (C12)
1--<
o

g

To a first-order approximation, the losses e, depend directly on the momentum and
total-enthalpy thicknesses but are independent of the displacement and trailing-edge

S

thicknesses. For the special case of equal coolant and primary total pressures (p'C =pb),
which is typical for first-stage cooled turbine vanes, equation (C12) becomes simply

ey ¥ 2<0 * 9te> - (5H * 6H,te)

The losses at the trailing-edge plane 'él can also be approximated by using equa-
tion (C7a), which when applied to equation (B45a) gives in a similar manner

if Té # T(') and pg = pb (C13)

o - 1)
p\ -1 /Y
1
A <—>
1- Lo Pe
T(') (p (7"1)/’)/
1-[—=
S 5
ey MY+ (B -Ki)og - [6H T B Ete)ésl]< - L'

i 1 1
if TC 7£TO

) (C14)
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But

2
(V) v
c, te 1- c,te sl
o g\ V2
B, - K, )0 = : =7 (C15)
te te’ sl s cos @, te
Therefore,
T 1)
o\ -D/Y
] \
el P
T} ) <p1>(v—l)/v
|
= AT 5 - 70 — i 1 1
e R Y+ Uy - ((SH + 6H,te < 0 » if T} # T4 (C16)
1 --C
|
To
. J
For equal coolant and primary total pressures this reduces to

< ~ {7 (= < : 1 ' 1t
e, ~ (zp+ wte) <6H+6H,te> if TC7£TO and pf, = p

The change in loss A€ between stations 1 and 2 is defined as

(C17)
Ae:ez—elm’2<6+9te> - (zl)+z,bte> (Ci8)
which is true, in general, without restrictions on Té or p'C. But
(oY) v, L\
zgte - ace _ c,te _ _c,te sl (C19ay
(pv)fs, 1 st, 1 S €08 oy
and
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by 55

2
P,V \Y% PV \Y%
11 1 11 .1 dn
(pv)fs,l st,l (pv)fs,l st,l
25 -0 Y0 : —— (C19b)
S COS Oll

Since these terms (i.e., egs. (C19a) and (C19b)) are always greater than zero, the

change in loss Ae is

Ae > 0 (C20)

and represents the mixing loss in going from station 1 to station 2,

Note that the approximations presented in this appendix are not recommended for
the calculation of the loss coefficients, The general expressions derived in appendix B
should be used. The equations presented in appendix C are intended to show the effect
of the different boundary-layer and cooling parameters on the losses in a simple, but

approximate, manner.
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Aftermixed kinetic energy [oss, 62
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Figure 8. - Aftermixed kinetic energy loss for film-cooled vanes.
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